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ABSTRACT 

We consider the quantum mechanics of a particle on the coset superspace 
SU{2\l)/[U{l) X f/(l)], which is a super-flag manifold with SU{2)/U{1) ^ 
S'^ 'body'. By incorporating the Wess-Zumino terms associated with 
the U{1) X U{1) stability group, we obtain an exactly solvable super- 
generalization of the Landau model for a charged particle on the sphere. 
We solve this model using the factorization method. Remarkably, the 
physical Hilbert space is flnite-dimensional because the number of admis- 
sible Landau levels is bounded by a combination of the U{1) charges. The 
level saturating the bound has a wavefunction in a shortened, degenerate, 
irrep of SU{2\1). 
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1 Introduction 



In 1930 Landau posed and solved the problem of a quantum particle in a plane 
orthogonal to a uniform magnetic field, showing in particular that the particle's 
energy is restricted to a series of 'Landau levels' [1]. It is now customary to call a 
'Landau model' any problem in which a quantum particle is confined to a surface 
orthogonal to a magnetic field that is uniform on the surface. A case in point is 
the Landau model of a particle on a unit sphere in with a magnetic monopole at 
the centre. This model was introduced by Haldanc in the context of the Quantum 
Hall Effect [2], and has many fascinating features. For example, it is exactly soluble 
[3]. When restricted to the lowest Landau level (LLL) the sphere becomes the phase 
space rather than the configuration space, and this leads to a physical realization of 
the fuzzy sphere [4]. 

Ian Kogan worked on aspects of Landau models [5] around the same time that 
he developed the idea of the 'monopole bag' [6] in which a closed axion domain 
wall is supported against collapse by the electric charge induced on it by a magnetic 
monopole inside. Perhaps he saw a connection? The 'monopole bag' was what in- 
spired one of us to observe that a closed D2-brane carrying a net electric charge would 
appear to be a DO-brane [7], and it is now appreciated that there are circumstances 
in which it is energetically favourable for DO-branes to 'expand' into a fuzzy spherical 
D2-brane [8, 9]. The fuzzy sphere thus appears as a common theme. 

Recently, we showed how the fuzzy supersphere emerges from the LLL quantum 
mechanics of a particle on the coset supcrspace S'?7(2|l)/?7(1|1) [10]. There is a nat- 
ural extension of this model to a full Landau model but this involves terms quadratic 
in time-derivatives of the Grassmann odd variables, and such terms would normally 
be considered 'higher-derivative'. This is one of the reasons that supergroups such as 
SU{2\1) do not normally appear as symmetry groups in physical problems. 

Here wc show that 'higher-derivative' fermion terms can be avoided in an SU{2\1)- 
invariant extension of the full Landau problem for a particle on the sphere, but instead 
of the supersphere one has to consider the coset superspace 

SU{2\1)/[U{1) X U{1)] = SF. (1.1) 

This again has SU{2)/U{1) = 5^ 'body' and is a homogeneous Kahler superspace, 
but it is not a symmetric supcrspace. It is a fiag supermanifold, analogous to the 
flag manifold SU{3)/[U{1) x U{1)]. For the sake of brevity, we call it the 'super-flag' 
(SF). This super-extension of the sphere allows the construction of a Landau-type 
model with a 'canonical' fermion kinetic term arising from Wess-Zumino (WZ) terms 
associated with the two U{1) factors of the stability subgroup. The phase space of 
this model has real dimension (4|4), so the conflguration space has real dimension 
(2|2) with S'^ body, exactly as one would have for a particle on the supersphere, but 
without the 'higher-derivative' fermion kinetic term. 

We quantize this model using techniques explained recently in [11, 10]: this leads 
to a Hilbert space spanned by 'chiraF superfields on SF. The Hamiltonian is shown 
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to act in this physical subspace and we use Schroedinger's factorization method [12] 
to determine its eigenstates and eigenvalues, following the application of this method 
to the Landau model for a particle on the sphere [13]. Remarkably, we find that 
the number of Landau levels is finite, in contrast to the infinite number of levels in 
the bosonic case. This is because wavefunctions with positive norm exist only for 
£ < 2M, where £ is the number of the Landau level and M is the properly normalized 
positive eigenvalue of some combination of two U{1) charges. The full Hilbert space 
is therefore finite dimensional! 



2 Super-flag geometry 

The supergroup SU{2\1) can be defined as the group of (1|2) x (1|2) unitary superma- 
trices of unit super-determinant. A paramctrization of SU {2\1) that makes manifest 
the Kahler property of its coset superspace SU {2\1) /[U{1) x U{1)] can be found fol- 
lowing steps analogous to those spelled out for SU (3) /\U (1) x U (1)] in [14]. The group 
SU{2\1) acts linearly on vectors in a vector superspace of dimension (1|2). A simple 
choice of basis in this superspace is provided by the columns of the supermatrix 



(I \ 

-e 1 
\-e z i) 



(2.1) 



where z is a complex variable and (i = 1, 2) are complex anticommuting variables, 
with complex conjugates ^j. By an application of the Gramm-Schmidt procedure we 
can transform the above supermatrix into a unitary supermatrix U for which the 
three column supervectors are orthonormal. This ensures that U € SU {2\1). One 
finds that 



U 



where 
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i^i = 1 + lie + u\ K2 = i+zz+(e- ze) (e - ze) 



(2.2) 



(2.3) 



The general SU {2\1) supermatrix can be written in the form Uh, where /i is a di- 
agonal unitary supermatrix with unit superdeterminant parametrized by two angles. 
This means that the unitary supermatrix U provides a paramctrization of the coset 
superspace SU{2\1)/[U{1) x U{1)]. 

To compute the Cartan forms and U{1) connections for SU{2\1)/[U{1) x C/(l)], 
we write the Lie superalgebra valued 1-form U~^dU as 



U-'^dU = Q = 







E2 El 

-E+ 
E+ / 









B-A 




0\ 




(2.4) 
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The Cartan 1-forms are = {E~^,E^,E'^) and their complex conjugates are Ea = 
{E+, El, E2). One finds that 

E^ = dZ^EM^, Ea = dZME^A, (2.5) 

where = {z, are the complex coordinates and Zm = {z, ^1, ^2) their complex 

conjugates; this defines the (complex) supervielbein Em^- Using the inverse super- 
vielbcin Ea^ ■ and its complex conjugate E^m, we define the complex supercovariant 
derivative Da and its complex conjugate as 



Da — Ea^Om, D^ — E^ud^ ■ 
A computation shows that 

E+ = Kf^K:^^[dz-Ki^(de-zde){l2 + zli) 

E' = {KiK2)---[de-zde]: 

E' = Kp[de{z-e{^i-z^2))+de{i+e{^i-z^^. 

and that 

D+ = Ki'K^d,, 
Di = kIk;^' [C2 + zCi)d, 

+ K^Kp {[i+e (ei - z^2)] - 
D2 = K;^z^^l + d^2) . 

For the C/(l) connections A and B we have, similarly, that 

A^dZ^AM + c.c, B^dZ^BM + c.c. 
and a calculation shows that 

A = -idZ^du log K2 + C.C., B = idZ^du log + c.c. . 



(2.6) 



(2.7) 



-e (6-^6)]%}, 



(2.8) 



(2.9) 



(2.10) 



The SU (2|1) transformations of the superspace coordinates Z^, Zm can be found 
as follows. Let us write U{Z) for the unitary supermatrix (2.2) where 



Z — {Z^ , Zm) ■ 
For any element U e S'L'^(2|1) we have 

UU{Z) = U{Z')h 



(2.11) 



(2.12) 



for some diagonal unitary matrix h in the C/(l) x U{1) stability subgroup. We choose 
h to have the expansion 

h^I+ (aJa + pB) + --- (2.13) 
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where 





/o 


0\ 




(1 












-1 


B = 





1 






lo 


l) 




[o 








(2.14) 



If one now chooses U = U{A,A) for constant infinitesimal parameter A 
where a is Grassmann-even and e* (i 
Z' — Z + SZ, where 



1,2) Grassmann-odd, then one finds that 



and 



Sz 



a{Z,A,A) 
P{Z,A,A) 



ae + e' + {e-Oe, 
-ae + e' + {e-Oe 



^ [az -az + (6 - - - -^C") 



(2.15) 



(2.16) 



The C/(l) X C/(l) transformations of the coordinates corresponding to Z-independent 
parameters and (3o in (2.13) (cto = ~ceO)/^o = ~/3o) are as follows 



(5^ = (2ao - /5o) ^ , = («o - Po) e , = -ao ^ ■ 



(2.17) 



We have therefore shown that, in the chosen parametrization of the superfiag, the 
SU{2\1) transformations of (z, z, ^j) are analytic: the coordinates Z = {z, trans- 
form among themselves, and the same is true for Z = {z,^i). Various other SU {2\1) 
invariant subspaces determine the various types of superfields that one can define on 
the superfiag, as we now explain. 



3 Super-flag superflelds 

In accord with the general procedure of nonlinear realizations, superfields given on 
SF arc characterized by two external U{1) charges. The corresponding operators J3 
and B are the 'matrix' parts of the differential operators representing the U{1) x 
U{1) subgroup of SU{2\1) (in other words, Js and B count external U{1) charges 
of the superfield). The only superfields that we need to consider are those that are 
eigenfunctions of J3 and B^ with eigenvalues 27V and 2M, respectively: 

J3^W(Z) = 2N¥'''^\Z) , S*(^'^)(Z) = 2M*(^'^)(Z) . (3.1) 
Such superfields transform as 

^(jv,M) /^^/^ _ ^^^^ A)^(^'^)(Z) . (3.2) 
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In infinitesimal form, 

^■q,{N,M) ^z) = 2 [at a{Z, A, A) + M A, A)] {Z) . (3.3) 

The C/(l) X U{1) gauge covariant differential of a general superfield ^ on SF is 

= [(I - ^-A,h - ^-^BB^ ^ = {E'^Va + EaV^) (3.4) 

which defines the gauge covariant derivatives T>a- Using the identities 

DrK2 = kIk;^C, , D,K, = -K^Kf^i^^ - z^) , 

^2^^2 = 0, D2K^ = -K-'^{i2 + zi^), (3.5) 

one finds that 

V+^D+- ^KhzK2 J3 , V+^V^^D+ + ^K!d,K2 J3 , 
Pi = - ^Xr^Xla J3 - ^K^KPi^, - z^2) B , 

V2^D2- ^K^'Kp{C2 + zCi) B , 

V' = D' + ^K^'KPie + ze) B . (3.6) 

The geometry of the coset superspace SU{2\1)/[U{1) x U{1)] is now encoded in the 
(anti) commutation relations 



J3, 



{Vi, Vi} = {V2, V2} = {Vi, V2} = and c.c. , 
{V,,V'} = {J3 + B), {V2,V'} = B, 

[P+,Pi] = 0, 



V+,V2 =Vi, 



V+,V2 =0, v+,v^ 



-Vo. 



(3.7) 
(3.8) 
(3.9) 

(3.10) 
(3.11) 
(3.12) 



Using the fact that the charges of the covariant derivatives are opposite to those 
of the Cartan forms, the U{1) x U{1) assignments of both can be worked out from 
the transformation rule 



Vt ' = h9.h-^ - daJz - dpB . 



(3.13) 
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Here we record the result for the U{1) charges of the covariant derivatives: 

J3P+ = -2P+, j^V,^-V,, 73^2 = 2^2, (3.14) 
BV+^V+, BVi^Vi, BV2^0. (3.15) 

Note that, instead of S, it is sometimes more convenient to use the combination^ 

F = + Ja , (3.16) 

which is distinguished by the fact that the S'^ covariant derivatives T>^,'D^{= P+) 
(and the corresponding Cartan forms) have F charge zero, while both spinor deriva- 
tives have F charge 1: 

FV2 = V2, FVi^Vi. (3.17) 
It will be convenient to set 

P+ = K^K2Vf^ , V+ = KlK2Vf'^ , (3.18) 

which defines the 'semi-covariant' derivatives 

Vf ) = 9, - iNA, = 9, - Nd, \0gK2 , 

Vf ^ = d-, - iNA-, = d, + Nd-, log . (3.19) 

The dependence arises here because we assume that the covariant derivatives act 
on superfields obeying (3.1). It is easy to check that (3.7) is equivalent to the 

following commutation relation between the 'semi-covariant' derivatives 

Vf ), Vf ^] = 2K^'K^^ N . (3.20) 

This can also be checked by using the identity 

d,d,logK2^K^'K^'. 

Let us now note a few important corollaries of the (anti) commutation relations: 

• For any value of and M it is consistent to consider covariantly chiral or 
anti-chiral superfields^ 



either (a) V'¥^'^^ = or (b) Vi^^'^ = 0. (3.21) 

^This is just the matrix part of the U{1) generator J3 -|- 2B that commutes with the SU{2) 
generators. 

^As an aside, let us note that, besides the chirahty conditions (3.21), one can consistently impose; 
on a general SU{2\1) superfield the Grassmann analyticity conditions I?2^' = = P+^f = 

(or their complex conjugates). The covariant derivatives here form a set that is closed under 
(anti) commutation, as required for consistency of the conditions, which are analogs of the harmonic 
analyticity conditions in A'^ = 2, AD supersymmetry [15]. 
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• Equations (3.11) imply that the S"^ covariant derivatives V^,V~^ form a closed 
subset with "D* or and so preserve chirality. In other words, they yield some 
chiral (anti-chiral) superfield when acting on or ^W^), as defined in 
(3.21). Since these derivatives carry non-zero U{1) charges, the charges are 
shifted from (iV, M) to (iV - 1,M + 1/2) for and from (iV, M) to 
(N + 1,M — 1/2) for P+^W^). In what follows we restrict our attention to 
the chiral superfields. 

• One can consistently require chiral superfields to be covariantly holomorphic: 

either (a) = or (b) = . (3.22) 

However, a chiral superfield satisfying condition (a) is zero if > and one 
satisfying condition (b) is zero ii N < 0. For chiral superfields with N — one 
can impose both conditions (3.22), thus fully suppressing their z, z dependence. 

• Equations (3.9), (3.10) imply that for M = or M = — the covariant deriva- 
tives T>2 and T>'^ or T>i and T>^ together with form a set that is closed under 
(anti)commutation. Hence the chiral superfields with M = or M = —N can 
be subjected to the more stringent set of constraints 

P2^W0) = f)'^(m ^ , = . (3.23) 

Alternatively, one can impose the constraints 

P^^(iv,-iv) ^ pi^(iv,-iv) ^ Q ^ p^^(iv,-iv) ^ Q _ (3 24) 

Thus chiral superfields can be made 'covariantly independent' of one more 
Grassmann coordinate, provided they are simultaneously assumed to be holo- 
morphic or antiholomorphic, for A^ > or A^ < 0, respectively. In what follows 
we shall deal with A" > 0, thus specializing to the case (3.23). 

For every set of conditions that may be imposed consistently on a superfield there 
is a corresponding invariant subset of the original coordinate set 

Z = {z,z,e,e,Ci,^2). (3.25) 

As already mentioned, (^,C) is one such invariant subset, but there are others. For 
example, consider the new non-self-conjugate 'chiral' parametrization of SF: 

2-{z,z,t„e,e,^i,^2) (3.26) 

where 

Zsh = z-{e + ze){^i-z^2). (3.27) 

One can check that 

Szsh + az% + (ei - ^sfte2)(C^ + Zsh^^) , (3.28) 
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so the 'chiraF subspace 

CL^{z,z,h,e) (3.29) 
is closed under the action of SU{2\1). 

To see that the SU {2\1) invariance of the chiral subspace of superspace is related 
to the existence of chiral superfields, we set 



(N,M) 



(3.30) 



and observe that 



pl^(iV,M) _ ^M-l/2^-iV-l/2^i^(JV,M) ^ 



where 



j{N)ch 



(3.31) 
(3.32) 



Prom the transformation law (3.3), and the transformations 
SK, = (e.e + e-e)Xi, 

one can show that 

The next step is to observe that, in the basis (3.26), 



(3.33) 
(3.34) 



+ue-ze)]d^,}, 



w'^-K^{[i-ci{e-ze 

= -K2' (% + , (3.35) 
while Vg ~ dz^f^- Thus, in the new basis the chirality constraint (3.21a) becomes 

The chiral basis also simplifies the covariant analyticity condition T>'^^ — that 
can be imposed on a chiral superfield ^(^'^) because it implies 



v,$w^)(C^) = o 



(3.37) 



One might describe this state of affairs by saying that the operator is 'short' in 
the chiral basis, in which case it is worth noting, in contrast, that 1?+ does not share 
this property because 



^{N)ch = Q^_ 2iNAz = dz- 2Ndz log K2 = - 2N 



Zsh 
1 + ZZsh 



(3.38) 
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The possibility of imposing the further conditions (3.23) or (3.24) on chiral su- 
perfields reflects the existence of the two invariant subspaces 

(a) {z, e - and (b) {z,h, e + Zsh^) ■ (3-39) 

The SU {2\1) invariance can be established by noting that 

ne-ze) = e'-ze' + az{e-ze), 
Sie + Zsh^) = + Zshe' + az^hie + ZshC) , (3-40) 

and using the transformations of z and Zgh given in (2.15) and (3.28). These subspaces 
can be identified with CP^^^^\ which is a (holomorphic) supersphere [10], and its dual, 
the anti- holomorphic supersphere. 

Finally, let us see how the more stringent set of conditions (3.23) with M = is 
transformed into a constraint on the dependence of ^(•'^'^^(z, ^') defined in (3.37). 
At M = the connection term drops out from T>2, and we have 

V2 = zdi:i + % . (3.41) 
Thus the extra condition in (3.23) is reduced to 

V2^^'''''\z,C)^0 $(^'°) = $(^'°)(^,e'-ze')- (3.42) 

4 Super-flag quantum mechanics 

We now aim to formulate the dynamics of a particle on SF. We shall sec that this leads 
naturally to supcrficlds of the type described above. We begin by rc-intcrpreting the 
1-forms (E'^jAjB) as the corresponding 1-forms induced on the particle's worldline. 
Thus, we now have 

= dtu^, = zEf + CEi^ (4.1) 

and 

A = dtA, A= IzAz + CAi] + c.c, 
B^dtB B=CBi + c.c.. (4.2) 

Note the absence of a i-term in B. The coefficients o;^ = (a;+, o;^, a;^) can be used 
to construct (S'C/(2|l)-invariant kinetic terms, but a term quadratic in a;* would be a 
'higher-derivative' term that would effectively double the number of fermion variables. 
Fortunately, there is no need to include such a term; we may construct an SU {2\1) 
invariant kinetic term from alone. Although it also contains terms with derivatives 
of the 'fermi' variables these occur only in nilpotent 'fermion'-bilinear terms. 
Specifically, 

a;+ = iu; + ^'oji (4.3) 
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where 



UJ2 = Kf'K^'z{l2 + z^^). (4.4) 

Note that uo happens to be real, although all other coefficients are complex. We will 
see soon that the presence of the terms in uj^ is innocuous. In addition to the 
kinetic term, there are two possible WZ terms that we may construct from A and B. 
We record here that 

A = -iK^'[z-e{ii-z^2)], 

A2 = iK-^z(l^-zi2), (4.5) 

and 

Bi = -iK-^^i. (4.6) 
These considerations lead us to consider the Lagrangian 

L^\uj^\^ + NA + MB (4.7) 

where N and M are two constants. Let (p, 7ri,7r2) be the variables canonically con- 
jugate to (-Z, C^,C^). An alternative, phase-space, Lagrangian is then 

L^{[zp + zCm + AVi] +c.c.}-H (4.8) 
where H is the Hamiltonian 

H = oj-^\p - NA,\^, (4.9) 

and A* (i = 1,2) is a pair of complex Grassmann-odd Lagrange multipliers for the 
complex Grassmann-odd constraints (^j ~ 0, where 

ip.^Tr- + iuj~^uji ip - NA^) + iNAi + iMBi . (4.10) 

Taken together with their complex conjugates, these constraints are second class, 
in Dirac's terminology. However, they are first class if viewed as two holomorphic 
constraints. Following the 'Gupta-Bleuler' method of dealing with complex second 
class constraints, as recently explained in the context of CSQM models in [11, 10], 
we may view the constraints ^ Q &s gauge-fixing conditions for gauge invariances 
generated by their complex conjugates (p^. Stepping back to the gauge-unfixed theory, 
we may then quantize initially without constraint by setting 

d _ d , , 

p=-z-, p^-^- (4.11) 
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and 



d _. 9 

TT,; = — — , TT = 



The constraint functions then become the complex operators 



dz dz 



(4.12) 



(4.13) 



To take the constraints into account it is now sufficient to impose the physical 
state conditions 

<^^|^) = (i = l,2). (4.14) 

We will solve this constraint in two steps. The first step, suggested by (3.30), is to 
set 

* = ^2-^$ (4.15) 
for 'reduced' wavefunction for which the physical state conditions are 



■A-.-v|)* = (.= 1,2). 



(4.16) 



These are equivalent to the two conditions 

d 



+ z 



_d_ 

Ml. 



$ = 0, 



* = 0. 



These conditions are equivalent to the chirality conditions 

D'^ = or = , (i = 1, 2) 



(4.17) 



(4.18) 



where V* were defined in (3.32). In other words, the reduced wavefunction is 'chi- 
ral', with N and M being two C/(l) charges. The general solution of such chirahty 
constraints was given in (3.36): 



^ = ^(z,Zsh,e,^' 



(4.19) 



where Zgh is the 'shifted' coordinate defined in (3.27). The function $ can be expanded 
in a terminating Taylor series in Each of the four independent coefficient 

functions is determined by a single function on S'^, two of which are Grassmann-odd 
and two Grassmann-even. 

The SU (2 1 1) invariance of our model implies the existence of corresponding Noether 
charges. In particular, there exist Grassmann-odd Noether charges which, upon quan- 
tization become the operators 
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= + + (4-20) 

These operators weakly anticommute with the constraints (4.10). Their non-zero 
anticommutation relations are 

{S,,Sk} = {S\S''} = 0, 

{Si,S^}^-J+, {S2,S^}^J^, (4.21) 



where 



Js = (e^2 ~e^)~ (^1^ - - 2iz9. - -z3.) + 2^ , 

j, = 9. + (.-)^a,+ (6|^-6^)+.-iv, 



2. 9 ,9 



j_ = a, + ^^a, - - 6^ J - . (4.22) 

Acting on the coordinates Z = {z, z, ^i) these operators generate the transforma- 
tions (2.15), and hence the transformations (3.3) of ^'(2') for a superfield with U{1) 
charges M and N. 



5 Super-Landau levels 

We have just seen that the wavefunction of a particle on SF is a chiral superfield. Of 
course, a general wavefunction will also be time-dependent but it can be expanded 
on a basis of stationary states with time-dependent coefficients that depend on the 
energy eigenvalues. These stationary states are time-independent chiral superfields, 
and our next task is to determine the energy eigenvalues and also the type of chiral 
superfield at each level. As we shall see, the ground state chiral superfield is one for 
which the reduced wavefunction is analytic. 
Using the correspondence (4.11) we have 

i{p - NA,) ^ Vf ) = 9, - iNA,. (5.1) 
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The quantum Hamiltonian operator H corresponding to the classical Hamiltonian 
(4.9) involves the product of V^^^ and its complex conjugate V^^-*. The product is 
ambiguous because, from (3.7), (3.18), (3.20), 



KlKi Vf\vf^ =2N. (5.2) 



The natural resolution of this ambiguity is to define the quantum Hamiltonian oper- 
ator to be 

H = V^} = -lK!K,{Wf\ Vf , (5.3) 

as this is manifestly positive definite. Equivalently, 

H^Hn^ + N= -KlKiV^^^Vf^ + N . (5.4) 

One can show that 

[^,01 = 0, (5.5) 

so that the Hamiltonian can be consistently restricted to a 'reduced Hamiltonian' 
operator 

Hred - K^^K^HKf'K^'' = _vf +i)^'^vf ^^'^ + 7V = -K^KiVf^'^''d, + N, (5.6) 

which acts on reduced wavefunctions ^{z.Zsh,^^,^"^) (see (3.32) and (3.38) for the 
definition of V^^'''^'* and V^^-''^'*). Clearly, any holomorphic chiral superfunction 
^o(-2, ^^,^^) is an eigenfunction of Hred with eigenvalue A^. This is the ground state 
energy, although wc postpone the proof of this until we complete, in the next sec- 
tion, the characterization of all admissible states, which also involves a determination 
of the degeneracies. First wc must determine the energy levels, which we do using 
Schroedinger's factorization method. This method was recently applied to another 
supersymmetric extension of the Landau model for a particle on the 2-sphere [13] 
and what follows here is similar. 

Using (3.18), we can rewrite (5.4) as 

Hn = -UV + N (5.7) 

where 

U^K-2K2Vf+^\ V^K-^K2Vf\ (5.8) 

The factorization trick exploits the fact that all non-zero eigenvalues of Hn are also 
eigenvalues of the 'reverse-order' Hamiltonian 

Hj^ = -VU + N. (5.9) 

It follows that the first excited state oi H = is the ground state of H^. However, 
we also have 

= -XiX2y(iv+i)y(iv+i)^2(Ar + l) + Ar (5.10) 
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where we have used (5.2) to get to the last hne. Thus 



^jv = ^iv+i + 2A^ + 1 . (5.11) 

We know that the ground state energy of H^^i is A?^ + 1 so we deduce that the 
first excited state oi H = Hjq has energy 3A^ + 2. The corresponding eigenstate is 
^1 = f/\E'o = I^+^I/o) where \l/o is a ground state wavefunction.^ 

By iteration one now deduces that the full set of energy levels are 

(2£+l)Ar + £(£ + l), £ = 0,1,2,... (5.12) 

with the corresponding reduced wavefunctions 

= Vf ^^^'^'^ . . . Vf +i)'='^$o {z- e, e) (^ = 1,2,.. .) (5.13) 

where $o (having the U{1) charges (M — i/2, N + £)) is a ground state reduced 
wavefunction. 

It is worth noting that the easiest way to check that (5.12) is indeed the eigenvalue 
of the original hamiltonian of (5.4), corresponding to the reduced wavefunction 
(5.13), is to consider the covariantly chiral wavefunction 

^iN,M) ^ i^M^-^^iV^ ^ (D+)%[,^+^'^-^/^) , (5.14) 

where here we make explicit the U{1) x U{1) charges of ^(q) = '■^^^•*$o- 
Acting with Hj^ = —V^'D^ + N on this wavefunction, taking into account the U{l)x 
U{1) charges of P+, the commutation relation (3.7), and the covariant analyticity 
condition 

it is a matter of simple algebra to show that 

i/^^g'^) = [(2£+ l)iV + £(£+ l)]*jj^) . (5.15) 

Note the absence of any M-dependencc of these eigenvalues. This makes it appear 
that the U{1) charge M does not influence the structure of the Hilbert space. As we 
shall soon see, this is far from true. 



6 Degeneracies 

We now turn to a consideration of the SU{2\1) content of the Hilbert space, which 
involves consideration of the Hilbert space norm. The 5'C/(2|l)-invariant norm II^^H 
of ^ is given by the formula 

||^||2 = jd^\^\^ = jdfioKf\^\'^ (6.1) 

^This covariantly chiral wavefunction has the U{1) charges (M — 1/2, iV + 1) and so corresponds 
to the ground state of another system, with the coefficients (M — 1/2, A'' + 1) in the relevant WZ 
terms. 
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where 

(6.2) 

and the integral is over all complex z (which covers the sphere except for the point 
at infinity that does not contribute to the value of the integral). This result follows 
from the fact that 

(sdetEu^) (sdetE^A) = ^2"^- (6-3) 

The SU {2\1) invariance of the measure dfj, — dfj,oK2^ can be verified using the 
transformation law (3.33) for K2, and 

5 (diio) — {dzSz — + c.c.) dfjLo 

= 2[az + az-eiie-ze)-i^-z^')e']di,o. (6.4) 

For a physical wavefunction of the form (4.15), we have 

^ IdfioKl'^K^'^'^'-'^m'. (6.5) 
As we saw in section 3, for chiral ^ the reduced wavefunction $ takes the form 

^^^{z,zsH,e,e) (6.6) 

where Zsh is the 'shifted' coordinate defined in (3.27). 

We first evaluate (6.5) for the ground state wavefunction ^0 for which $ is analytic 
and has the component field expansion 

$ {z, c) = Aiz) + cuz) + ee^iz) . (6.7) 

Using this in (6.5) and performing the Berezin integrals, we find that 

dzdz 



- 2/- 



(1 + ZZ) ^ ' 



M(2M + 2Ar + l)|^|^ + -|F| 



(6.8) 



For non-zero M we see that the ground-state multiplct contains two complex bosonic 
fields A{z) and F{z)^ as well as an SU(2) doublet of holomorphic Grassmann-odd 
fields i}i{z) [i = 1,2). For these to be globally defined on the sphere, their norms 
should be square-integrable on S"^, i.e. the corresponding pieces of the integral on the 
right hand side of (6.8) should converge. This requires A{z), F{z) and each of the 
ipi{z) to be polynomials of degree < 2N ^ which means that they each carry a (2A^+1)- 
dimensional, spin iV, representation of SU{2). Actually, as ipi^z) form an SU{2) 
doublet, the Grassmann-odd fields carry the reducible representation [2] ® [2N + 1] = 
[2N + 2]® [2N] (the last term in (6.8) just involves the irreducible [2N + 2] part 
of this SU{2) representation). Thus we have a total of 4A'" -|- 2 bosonic components 
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carried by A{z) and F{z) and 4iV + 2 fermionic components carried by ipi{z). Their 
transformation rules under the C/(l) charge B are specified by the external overall 
S-charge M and the transformation properties (2.17) of the coordinates (-z, C). 

From this result it is clear that 2N must be a positive integer, as expected because 
this was true of the bosonic Landau model. It then follows that M > since the norm 
of the wavefunction with $ = A{z) would otherwise be negative. For M = this 
wave-function has zero norm. In this case the multiplet (6.7) splits into a semi-direct 
sum of an irreducible multiplet, with fields 

F{z),x{z), (x = V^2 + #i), (6.9) 

and a quotient which transforms into this irreducible set. In other words, for M = 
we are facing a representation of SU (2|1) that is not-fuUy reducible.^ Normalizabihty 
imphes that F[z) is a (Grassmann-even) polynomial of degree < 2N, and that x{z) — 
i^2{z) + zipilz) is a (Grassmann-odd) polynomial of degree < 2N + 1. The SU{2) 
content in this case is therefore [2N + 1] © [2N + 2] and these combine to yield 
the degenerate, 'superspin' (^N + irrep of SU{2\1), of the type carried by a LLL 
particle on the supersphere [10]. 

Now we turn to the case of a general chiral superfield wavefunction, for which the 
reduced wavefunction depends both on z and on 

zsh^z-v, v= (e + ze) (ci - ^6) . (6.10) 

As H is nilpotent, 

^^^(z,z,e)-vd,^{z,z,e). (6.11) 

Using the component field expansion 

-- A{z, z) + eVi(^, z) + eeh^. z) (6.12) 



^{z,z,C 



we find that 



i*ir = ii^iio- 



dzdz 



l + zzf\d^A\ 



(1 + zzf""^'^ 
+ {{$^ + - zd,i^2) + h.c.} 



(6.13) 



*This property is reflected in the structure of the transformation law (3.34) because the 'weight' 
piece at M = becomes a function of the coordinates (z, — z^^), which form a closed set under the 
action of SU {2\1); recall that precisely when M = one can consistently impose on the holomorphic 
chiral superfield the additional Grassmann analyticity conditions (3.23), which forces it to 'live' on 
this smaller space. In terms of the component fields, this additional covariant constraint amounts 
to setting to zero the irreducible set {F{z),x{z)), after which the quotient becomes the degenerate 
irreducible [2N+ 1] ® [2N], 'superspin' N, multiplet. Though the norm (6.8) is vanishing for the 
latter, one can presumably define for it an alternative SU(2\1) invariant norm which is positive- 
definite (see [11]). We shall not dwell further on this possibility since it is unclear how to incorporate 
the conditions (3.23), (3.42) into our analyticity quantization method. Indeed, they inevitably 
require 2?+ « 0, which does not arise as a constraint within the hamiltonian formalism in our model, 
although it does in the Lowest Landau Level limit in which the kinetic term of z, z is suppressed in 
(4.7). So, this possibility would be of interest to study in the framework of Chern-Simons Quantum 
Mechanics on S'?7(2|l). 
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where | l^'l |o is the norm as it would be if we were deahng with the ground state (that 
is, the same as the ground state norm in (6.8) but with non-holomorphic component 
fields defined in (6.12)). 

Notice the relative minus sign in (6.13). Let us see what efi^ect this has on the 
first excited state wavefunction ^i, for which 

In terms of the holomorphic component fields of the ground state reduced wavefunc- 
tion the component fields of the first excited state are 



4'' - {^.- 



2{N +l)z 
l + zz 

2{N +l)z 
l + zz 



I l + zz 




(6.15) 



The derivatives with respect to z appearing in (6.13) are now trivially computed. 
After integrating by parts with respect to both dz and dz we arrive at the surprising 
result that the norm coincides, up to a factor, with H^fiHo, which has the 

same form as (6.8) but with M ^ M - 1/2 , N ^ N + 1. Thus the norm of the 
^1 is positive iff M > 1/2. Clearly, the norm of is also positive under the same 
condition on M. 

This result has the following generalization. The £th Landau level wavefunction 
has positive norm provided that 

M>£/2, (6.16) 
It follows that for fixed M the physical Hilbert space is spanned by the states with 

< £ < 2[M] . (6.17) 

In other words, the number of Landau levels is finite in this model, a striking contrast 
with the bosonic problem for which the number of levels is infinite. 

To prove this general result it is convenient to work with covariantly chiral wave- 
functions, and we begin with the first level for which the corresponding covariantly 
chiral wavefunction is 

*S5^) = P+^Jo^^'^-^/^) , = . (6.18) 

Substituting this into the norm as given in (6.1), and integrating by parts with respect 
to dz, it is easy to bring the norm into the form 

||^(iV,M)||2 ^^^^_2 ^^^^ (-iV-l,-M+l/2)p+p^^(^+l,M-l/2) _ ^g_^g^ 
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Pulling V'^ out to the right, using the commutation relation (3.7), taking into account 
the C/(l) X U{1) charges and using the analyticity condition in (6.18), one deduces 
that 



{N+l,M-l/2) 
(0) 



(6.20) 



This differs from the ground-state norm by the factor 2(A'"-|-1) and the shift (A^, M) — > 
[N -\-l,M — 1/2). This is just what we found before by direct evaluation in compo- 
nents. 

The same method applied to the norm of the £-level wavefunction (5.14), yields 
the result 



1^ 



(27V-MH-1)! 
(2Ar + l)! 



-2 
2 



(N+l,M-t/2) 
(0) 



(6.21) 



Hence, up to the positive factor, this norm is given by the expression (6.8) with 
M M — i/2 and N ^ N i. From this, the bound (6.16) and the restriction 
(6.17) follow. In terms of the eigenvalue F of the U{1) operator F commuting with 
SU{2) and defined in (3.16), the restriction (6.16) is 



e < -F 
- 2 



N. 



(6.22) 



Finally, we note that in the sector of all admissible states it is easy to show that 
N in (5.4) indeed provides the lowest energy. One sandwiches the first term in (5.4) 
between arbitrary physical states and finds that this average is always > . 



7 Concluding remarks 

We have presented an SU{2\1) invariant extension of the 5'C/(2)-invariant Landau 
model for a particle on S*^, depending on U{1) charges 2N and 2M. In our case, the 
particle moves on the superflag manifold SU(2\1)/[U{1) x U{1)], which is a super- 
manifold of complex dimension (1|2) having S"^ as its body. As was to be expected, 
the Hilbert superspace of each Landau level carries an irreducible representation of 
5'C/(2|1), which depends on A^, but, surprisingly, the number of admissible levels is 
finite, being determined by M. 

Also notable is the fact that if 2M is an integer then the Hilbert superspace of 
the last admissible level (at i = 2M) carries a degenerate representation of SU {2\1) 
corresponding to a wavefunction in a short supermultiplet. In particular, if M = 
then only the lowest Landau level is admissible, and we effectively have a LLL model 
for a particle on the superflag, which defines a fuzzy superflag. One might have 
expected the N ^ oo limit to yield a classical superflag but the SU{2\1) content 
of its LLL Hilbert space coincides with the 5*^7(211) content of an LLL model for 
a particle on the super sphere, and this yields the classical supersphere in the large 
representation limit [10]). 

Another notable feature, shared with the bosonic model, is that wavefunctions of 
any admissible Landau level for fixed and M are expressed in terms of the ground 
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state functions of a similar model, but with other values of these U{1) charges. Since 
the ground states correspond to lowest Landau levels, and hence to some topological 
Chern-Simons mechanics, we deduce that the Hilbert space of the full Landau problem 
is the sum of Hilbert spaces for a set of inequivalent LLL models for a particle on 
SUi2\l)/[Uil)xUil)]. 

As some avenues for further study, let us mention that we are not aware of any 
comparable analysis of the bosonic SU{3)/[U{1) x U{1)] 'Landau' model. One might 
also wish for a formulation that is manifestly independent of the parametrization of 
the coset (super) space, as can be achieved via the introduction of harmonic variables 
[15]. 
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